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Abstract  After the homogeneous formalism in classical mechanics is explained, the 
fast-forward problem is discussed within the framework of canonical quantization. The 
fast-forward procedure is reformulated in conformity with the dependence of 
quantization on choice of time and is presented by use of the unitary transformation of 
the squeeze-operator type and dilatation of the potential width. 
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I.  INTRODUCTION 
  Accelerating quantum state evolution is of fundamental interest not only from the 
practical viewpoint (e.g., adiabatic computing, cooling of atoms, quantum transport, and 
quantum thermodynamics, to name a few) but also from its conceptual aspects. There 
are at least two approaches that have recently been attracting much attention. One is 
“shortcuts to adiabaticity” [1,2] (see also Ref. [3] and the references cited therein) and 
the other is the “fast-forward method” [4-6]. The former is concerned with the 
time-dependent invariants presented in Ref. [7], and the latter is related to redefining 
time. Also, a discussion has been made in Ref. [8] about a possible interrelationship 
between the two.  
  In this paper, we revisit the fast-forward problem and its theoretical structure. For 
this purpose, we start our discussion with classical mechanics, in order to clarify the 
effects of change of time on canonical quantization. In Sec. II, the homogeneous 
formalism in classical mechanics is summarized. Then, the fast-forward problem is 
discussed in Sec. III. There, it is made clear how the quantization condition depends on 
choice of time. Finally, Sec. IV summarizes the conclusion. 
 
II.  HOMOGENEOUS FORMALISM 
  In this section, we recapitulate the homogeneous formalism in nonrelativistic 
classical mechanics [9-11], although the discussion is clearer in relativistic mechanics 
that treats the space and time coordinates on an equal footing and possesses the 
reparametrization invariance. 
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  Dirac slightly mentions in Ref. [9] that the homogeneous formalism is similar to 
the introduction of homogeneous coordinates into geometry, but we can imagine that he 
would actually mean the relations between the correspondences: “classical mechanics” 
↔  “geometric optics”, “homogeneous formalism” ↔  “projective geometry”, and 
“geometric optics” ↔  “projective geometry”. 
  The basic idea is to make conventional time, t , as a dynamical variable 
 
      t = T (τ ) ,                         (1) 
 
where τ  is an arbitrary parameter satisfying the natural condition 
 
      dT (τ )dτ > 0 .                        (2) 
 
Let us consider the action in conventional time: 
 
      I = dt L t, x, x( )∫ ,                     (3) 
 
where the over-dot stands for the derivative with respect to t. The Euler-Lagrange 
equation is then given by 
 
      dd t
∂L
∂ x
!
"
#
$
%
&−
∂L
∂x = 0 .                     (4) 
 
On the other hand, let us write the action in terms of τ  as follows: 
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      I = dτ L T, x, T ', x '( )∫ ,                   (5) 
 
where the prime denotes the derivative with respect to τ . Therefore, comparing Eq. (3) 
in its rewritten form 
 
      I = dτ T ' L T, x, x '/T '( )∫                   (6) 
 
with Eq. (5), we have the following relation between the two Lagrangians: 
 
      L T, x, T ', x '( ) = T ' L T, x, x '/T '( ) .               (7) 
 
Clearly, Eq. (4) is reproduced in the gauge T = τ (= t) . 
  Equation (7) implies that the new Lagrangian, L , is a homogeneous function of 
degree one. Therefore, from Euler’s theorem, it follows that 
 
      T ' ∂
L
∂T ' + x '
∂ L
∂x ' =
L .                     (8) 
 
Taking the derivative of this equation with respect to τ , we have 
 
      T '' ∂
L
∂T ' +T '
d
dτ
∂ L
∂T '
"
#
$
%
&
'+ x '' ∂
L
∂x ' + x '
d
dτ
∂ L
∂x '
"
#
$
%
&
'  
              = T ' ∂
L
∂T + x '
∂ L
∂x +T ''
∂ L
∂T ' + x ''
∂ L
∂x ' ,       (9) 
 
which gives rise to 
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      ddτ
∂ L
∂T '
"
#
$
%
&
'−
∂ L
∂T = 0 ,                   (10) 
 
where the Euler-Lagrange equation for x, 
 
      ddτ
∂ L
∂x '
"
#
$
%
&
'−
∂ L
∂x = 0 ,                    (11) 
 
derived from the action in Eq. (5) has been used. 
  Equation (10) shows that conventional time in Eq. (1) can be treated as another 
dynamical variable parametrized by τ , implying that it is possible to describe a 
dynamical system using various definitions of time. Accordingly, the evolution speed of 
the system can be controlled by change of the clock through Eq. (1). 
  However, such a degree of freedom is redundant. To see it, let us define the 
canonical momenta conjugate to x and T, 
 
      π = ∂
L
∂x ' ,                        (13) 
 
      πT =
∂ L
∂T ' ,                       (12) 
 
respectively. Then, from Eq. (8), we identically have 
 
      T 'πT + (x 'π − L) = 0 ,                   (13) 
 
that is, 
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      πT +HT = 0 ,                      (14) 
 
where HT = H /T '  with H = x 'π − L . In particular, in the gauge T = τ (= t)  (in 
which L  coincides with L), we obtain the following constraint: 
 
      π t +H (t, x, p) = 0 ,                    (15) 
 
where p stands for the canonical momentum conjugate to x in Eq. (13) in that gauge (i.e, 
p = ∂L /∂ x ), and H is the familiar Hamiltonian constructed from the original 
Lagrangian in Eq. (3) through the Legendre transformation and generates t-evolution of 
the system. 
  Upon canonical quantization, 
 
      pˆ, xˆ[ ] = −i ,                      (16) 
 
the constraint in Eq. (15) should be regarded as the supplementary condition on the 
physical state, say Ψ  [12]: 
 
      πˆ t + Hˆ (t)( ) Ψ = 0 ,                   (17) 
 
where Hˆ (t) ≡ H (t, xˆ, pˆ)  is the Hamiltonian operator. A point here is that we are not 
treating t as an observable, and therefore we do not have the quantization condition on 
π t  and t [13] (although time operators have repeatedly been discussed in the literature). 
The position-time representation of Eq. (17) is given by 
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      x, t πˆ t + Hˆ (t)( ) Ψ = 0 ,                  (18) 
 
which formally leads to the “Schrödinger-like” equation 
 
      i ∂
∂t Ψ (x, t) = H (t, x, − i∂ /∂x)Ψ (x, t) ,           (19) 
 
where x, t pˆ = −i∂ /∂x x, t , x, t πˆ t = −i∂ /∂t x, t , and Ψ (x, t) = x, t Ψ . As 
mentioned above, we do not regard time as an observable, and therefore x, t  is the 
eigenstate of the position operator, xˆ , but not of any time operator. (This situation is 
analogous to the problem of an angle operator. To express the angular-momentum state 
in terms of the spherical harmonics, conventionally the angular variables in the 
spherical coordinate system is used, but such a representation is irrelevant to the 
problem regarding existence of angle operators.) 
  The wave equation takes the familiar form in Eq. (19) in the specific gauge, 
T = τ (= t) . It is noted that the gauge fixing is performed before quantization. The 
formalism explained above shows how it is possible to formulate quantum mechanics 
using different time parameters. 
 
 
III. FAST-FORWARD PROBLEM 
  Let us illustrate change of time using an explicit example. The classical action we 
consider here is a typical one given by 
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      I = dt∫ 12m x
2 −V (x, t)#$
%
&
'
(
,                (20) 
 
where m and V are the mass of the particle and a time-dependent potential, respectively. 
The canonical momentum conjugate to x is p =m x , and the Hamiltonian is the familiar 
one 
 
      H (t) = 12m p
2 +V (x, t) ,                  (21) 
 
which generates t-evolution of the system. 
  In this example, Eq. (7) becomes 
 
      L = 12T 'mx '
2−T 'V (x, T ) .                 (22) 
 
This clearly satisfies Euler’s theorem in Eq. (8). 
  To discuss the fast-forward problem [4,5], it is convenient to eliminate the 
redundant degree of freedom. Accordingly, Eq. (1) is regarded as a change of the time 
parameter, i.e., a transformation from t  to τ , and T (τ )  is not treated as a dynamical 
variable. 
  The canonical momentum conjugate to x is given by π =mx ' /T ' , and thus the 
Hamiltonian is given by 
 
      H = 12mT 'π
2 +T 'V (x, T ) ,                 (23) 
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which generates τ -evolution of the system. 
  The quantization condition is now 
 
      πˆ, xˆ[ ] = −i .                      (24) 
 
Accordingly, the Schrödinger equation in τ  is given by 
 
      i ∂
∂τ
φ (τ ) = 12mT ' πˆ
2 +T 'V (xˆ, T )"#
$
%
&
'
φ (τ ) .         (25) 
 
This should be compared with the Schrödinger equation in conventional time t 
 
      i ∂
∂t ψ (t) =
1
2m pˆ
2 +V (xˆ, t)"#
$
%
&
'
ψ (t)             (26) 
 
together with the quantization condition in Eq. (16). 
  It is noted that the position and momentum operators do not depend on time in the 
Schrödinger picture, and therefore in the position representation both pˆ  and πˆ  
become the same differential operator: −i∂ /∂x . 
  Based on the general structure discussed above, let us consider a simple case of 
constant rescaling T (τ ) = τ /α , that is, 
 
      τ =α t ,                        (27) 
 
where α  is a dimensionless positive constant. τ  proceeds faster (slower) than t if 
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α >1  ( 0 <α <1). In this case, Eq. (25) becomes 
 
      i ∂
∂t φ (α t) = Hˆα (t) φ (α t) ,                (28) 
 
where Hˆα (t)  is given by 
 
      Hˆα (t) =
1
2m /α 2 πˆ
2 +V (xˆ, t) ,                (29) 
 
which is different from that given in Ref. [4]. The fast-forward problem is to find the 
state, ψFF (t) , and the fast-forward Hamiltonian, HˆFF (t) , that satisfy 
 
      i ∂
∂t ψFF (t) = HˆFF (t) ψFF (t) .               (30) 
 
In other words, it is necessary to relate ψFF (t)  to φ (α t)  and HˆFF (t)  to Hˆα (t)  in 
some way. The primary question asked in Ref. [4] is if it is possible to find HˆFF (t)  in 
a natural manner through the control of the potential. There, made is a reasonable 
statement that changing mass (i.e., from m tom /α 2 ) in Eq. (29) is not realistic, in 
particular. 
  Now, an idea we present here is to connect ψFF (t)  with  by making use of the 
unitary transformation 
 
      φ (α t) = Uˆ (α) ψFF (t) ,                  (31) 
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which, from Eqs. (28) and (30), turns out to yield the following expression of the 
fast-forward Hamiltonian: 
 
      HˆFF (t) = Uˆ †(α) Hˆ α (t)Uˆ(α) .                (32) 
 
The unitary operator we employ here is the squeeze operator [13-15] in the language of 
quantum optics and is given by 
 
      Uˆ (α) = exp −i lnα2 xˆ πˆ + πˆ xˆ( )
"
#
$
%
&
'
.              (33) 
 
Using the relations, 
 
      Uˆ †(α) xˆUˆ (α) =α xˆ ,                   (34) 
 
      Uˆ †(α)πˆ Uˆ (α) = 1
α
πˆ ,                   (35) 
 
we find that the fast-forward Hamiltonian in Eq. (32) to be 
 
      HˆFF (t) =
1
2m πˆ
2 +V (α xˆ, t) .                (36) 
 
Thus, the fast-forward procedure reformulated by use of the unitary transformation 
manner combined with the dilatation of the spatial scale, i.e., the width of the potential. 
  In the above, we have considered a constant scale transformation of time. In 
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general, the unitary squeeze operator has explicit time dependence: α  in Eq. (33) is 
replaced by 1/T ' . In this case, the fast-forward Hamiltonian in Eq. (32) comes to 
contain the familiar additional term, −iUˆ †∂Uˆ /∂t . 
 
IV. CONCLUSION 
  We have reformulated the fast-forward procedure in quantum mechanics based on 
the homogeneous formalism in classical mechanics. Taking into account the fact that 
canonical quantization depends on choice of time, we have elucidated how quantum 
dynamics constructed in different choices of time can be related to each other by the 
combination of unitary transformations of the squeeze-operator type and dilatations of 
potential width. 
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